Dynamic dipole and quadrupole polarizabilities as well as shielding factors of the beryllium atom in the ground state were computed at real frequencies by using the variation-perturbation method. The zeroth-and the first-order wave functions were expanded in many-electron basis of exponentially correlated Gaussian functions. The 1600-term expansion of the unperturbed wave function yielded the ground-state energy accurate to 1 cm Ϫ1 . The first-order wave functions were expanded in very large bases ͑4800 and 4400 terms͒. The nonlinear parameters of the first-order correction functions were optimized with respect to both the static and dynamic polarizabilities, and with respect to the excited-state energies. The procedure employed ensures a high accuracy of determination of dynamic properties in a wide range of frequencies and correct positions of the transition poles. Test calculations, performed on He and Li, confirmed the ability of this method to obtain the atomic properties with very high accuracy. The final values of the static properties of Be were 37.755e 2 a 0 2 E H Ϫ1 and 300.96e 2 a 0 4 E H Ϫ1 for the dipole and quadrupole polarizabilities, respectively, and 1.4769 for the quadrupole shielding factor. The convergence of the atomic properties with the size of the expansion of both the zerothand first-order functions was checked. Thanks to very high accuracy of the unperturbed wave function and the efficient method of construction of the first-order wave functions, the dynamic polarizability results presented in this work are of benchmark quality. As a by-product of this project, a set of the most accurate upper bounds to the energies of 1 P and 1 D states of Be was obtained.
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I. INTRODUCTION
One of the most important aspects of our knowledge of many-electron systems is the ability to predict their behavior in external fields. Particular attention of theoreticians is drawn to the polarizabilities, which can be relatively easily modeled mathematically and are involved in a variety of physical phenomena. These response properties are often linked to the optical properties of matter, scattering processes or interatomic interactions. In particular, the frequencydependent polarizabilities enter the formulas defining second refractive virial coefficient, Verdet constant, van der Waals coefficients, refractive index, etc. A growing interest in the accurate knowledge of polarizability of atomic gases is observed. Such theoretically predicted polarizability, if sufficiently accurate, might serve to calibrate measuring apparatus for various experiments ͓1,2͔ and to independently estimate fundamental constants of physics and chemistry ͓3-6͔.
The dipole polarizability of an atom (␣ 1 ) corresponds to a dipole moment induced in the atom interacting with an external electric field (F 1 ). Similarly, quadrupole polarizability (␣ 2 ) is related to a quadrupole moment induced by an external electric field gradient (F 2 ). There are two other quantities closely related to the polarizabilities, namely, the dipole (␥ 1 ) and quadrupole (␥ 2 ) shielding factors. They give a picture of dipole and quadrupole moments induced in the electron charge distribution by pertinent nuclear moments. Alternatively, ␥ 1 and ␥ 2 can be treated as parameters describing the change in the field and field gradient, respectively, experienced by the nucleus, resulting from the electron cloud shielding (␥ Ͼ0) or antishielding (␥ Ͻ0) ͓7͔. Although the physical nature of the shielding factors slightly differs from that of polarizabilities, they are mathematically closely coupled and in this work they are studied together.
For the beryllium atom the values of these properties have not been experimentally determined yet and we have to rely on the theoretical predictions. In cases like this, it is crucial to have an access to reliable reference values. The aim of this study was to supply such benchmark values of the dynamic dipole and quadrupole polarizabilities and shielding factors. For an accurate description of polarizability, the electron correlation has to be taken into consideration at a very high level. Additionally, good description of the outer, energetically less important, region of the electron density distribution is indispensable. These requirements are met by very flexible, explicitly correlated wave functions employed in this paper.
II. METHOD
The dipole and quadrupole polarizabilities appear as expansion coefficients in the expression for the energy change caused by an electric field and electric field gradient ͓8͔. Formally, the polarizability is defined as a second derivative of the perturbation-dependent energy ͓9͔ ␣ ϭϪ2E (2) .
͑2.2͒
In the notation incorporated hereinafter, ϭ1 for dipole and ϭ2 for quadrupole properties. We shall work in the nonrelativistic infinite nuclear mass framework. The mass polarization and the relativistic corrections ͓5,6,10͔ to the dipole polarizability are the subject of our current study and will be presented separately. The atomic units are employed throughout this paper. In particular, បϭ1 and the electron mass mϭ1 are assumed, ␣ 1 and ␣ 2 are expressed in units of e 2 a 0 2 E H Ϫ1 and e 2 a 0 4 E H Ϫ1 , respectively, and the energy is expressed in the Hartree energy (E H ). Both ␥ 1 and ␥ 2 are dimensionless.
If the total wave function ⌿ ϭ⌿ (0) ϩF ⌿ (1) ϩ••• ͑as-sumed real and normalized͒ satisfies the Hellmann-Feynman theorem ͓11-13͔, then ␣ and ␥ can be expressed conveniently as single integrals ͓14͔:
The Hellmann-Feynman theorem allows ␥ 1 to be determined a priori. For an n-electron atom with a nucleus of charge Z ͓14,15͔,
For this fact, ␥ 1 was recommended as a useful tool for assessment of the quality of approximated wave functions involved in Eqs. ͑2.3͒ and ͑2.5͒.
A. The ansatz
There are three different functions involved in the formulas ͑2.3͒-͑2.6͒. ⌿ (0) is the unperturbed or zeroth-order wave function of the atom; ⌿ 1
(1) and ⌿ 2 (1) are the first-order correction functions resulting from the dipole and quadrupole perturbation, respectively. In this paper, all three functions are expressed in the form of antisymmetrized linear combinations of n-electron basis functions, k () (ϭ0 or 1͒,
where ⌶ n,S,M S () is an n-electron spin function ͑e.g., ⌶ 4,0,0 ()ϭ␣␤␣␤Ϫ␤␣␣␤Ϫ␣␤␤␣ϩ␤␣␤␣ for the fourelectron singlet state͒, and where, in general, the linear coefficients c k (1) of the expansion of the first-order function depend on the light frequency; r is a 3n-element vector of electron position coordinates and represents n spin variables. The tilde over ⌿ is used to distinguish between the exact wave function and its approximation.
As the many-electron basis functions k , the exponentially correlated Gaussian ͑ECG͒ functions of Singer ͓16͔ are employed: In the present paper, we extend this list by energies of a few lowest excited states and the second-order properties of Be.
B. Variation-perturbation method
For the harmonic, monochromatic perturbation of an angular frequency , the stationary-state first-order functions are represented by ͓31͔
The plus and minus components, ⌿ Ϯ (1) , can be obtained from the solution of the first-order perturbation equations ͑assum-
where H (0) and E (0) are the unperturbed Hamiltonian and energy, respectively, and Ô 1 ϭ ͚ iϭ1 n y i for the dipole and Ô 2 ϭ ͚ iϭ1 n y i z i for the quadrupole polarizability. Equations ͑2.11͒ can be solved variationally, i.e., by minimization of the Hylleraas functional ͓32,33͔,
with respect to the parameters of the first-order function. ⌿ Ϯ (1) determined in this way enter the pertinent expressions for ␣ Ϯ and ␥ Ϯ , Eqs. ͑2.3͒-͑2.6͒. Finally, the frequencydependent polarizabilities and shielding factors are obtained from ␣ ()ϭ␣ ϩ ()ϩ␣ Ϫ () and a similar equation for ␥ ().
As shown by, e.g., Kolker and Michels ͓34͔, when ⌿ (1) is expanded in the complete set of the unperturbed Hamiltonian's eigenfunctions, one arrives at the spectral representation of ␣ (). From this point of view, the first-order wave function involves an infinite number of excited states, including the continuum, so that it is not a trivial task to generate such a wave function with an accuracy comparable to those attainable for the unperturbed systems even if the wave function includes explicitly the electron correlation factor.
In the past, many accurate results were obtained within the variation-perturbation approach in connection with the explicitly correlated wave functions. For example, Glover and Weinhold ͓35͔ employed the Hylleraas-type wave functions in their work devoted to rigorous lower and upper bounds to the dynamic polarizability of two-electron atoms. Sims and Rumble ͓36͔ used this type of wave function in the variation-perturbation calculations of static polarizability of four-electron atoms. The Kołos-Wolniewicz wave function was applied to both static ͓37,38͔ and dynamic ͓39-44͔ dipole polarizability of H 2 in the ground and excited states. In principle, ⌿
(1) should be optimized for each frequency separately. So far, however, only the wave functions with optimized linear parameters have been reported in literature. Exceptionally, simple adjustments of the nonlinear parameters with respect to the static polarizability have been performed ͓35͔. Only very recently, Cencek et al. ͓6͔ fully optimized first-and second-order ECG wave functions of He but also with respect to the static properties. In the present paper, much more flexibility was added to both the method and the wave functions, as the nonlinear parameters of ⌿ (1) were optimized with respect to the static and dynamic polarizabilities and also with respect to the lowest excitation energies. The optimization algorithm was similar to that applied to the unperturbed wave function ͓26͔, but the goal function was either ␣ () or the excited-state energy. The nonlinear optimization, although time consuming, was crucial for obtaining accurate results. More about our optimization scheme can be found in Refs. ͓20,24,26,45͔.
C. Construction of the first-order wave function
At the absorption frequency the dynamic polarizabilities exhibit discontinuities or poles. In practical calculations the poles appear at the frequencies l ϭE l ϪE 0 (lϭ1,2, . . . ), where E 0 is the unperturbed state energy obtained from ⌿ (0) and is assumed to be known with very high accuracy. E l are consecutive eigenvalues obtained by diagonalization of the Hamiltonian H (0) in the basis of the perturbation correction wave function ⌿ (1) of the appropriate symmetry. As mentioned above, it is a common practice to optimize this basis set with respect to the static polarizability, not the energies E l . As a consequence, the ␣ (0) values are recovered with reasonable accuracy but when the frequency departs from zero the accuracy of the ␣ () curve drops rapidly and, additionally, the positions of the poles appear too high on the frequency scale. Examples of such a tendency can be found even in the most accurate calculations employing explicitly correlated wave functions ͓39-44͔.
The procedure described below, based on the variationality of both the energy and the polarizability, allows this deficiency to be eliminated. It relies on the observation that if we merge a basis set of the length K
(1) , whose nonlinear parameters were optimized with respect to the static polarizability, with a basis set of the length K l , optimized with respect to the energy of the lth eigenvalue of an appropriate symmetry, then the resulting basis set of the size K F ϭK
e., the combined basis set deteriorates neither the polarizability nor the excited state energy obtained from the separate basis sets. In this way we can generate a basis set that combines the advantages of its components and yields both accurate static polarizability and the position of the pole.
In general, the first-order correction wave function can be constructed by merging many basis sets, each optimized with different goal functions. In the present paper, the nonlinear parameters of the final expansion of ⌿
(1) were generated in several separate optimization steps and the length K F of the final expansion was a sum of the sizes of the basis sets employed in these steps:
In the first group of steps, the nonlinear parameters were optimized variationally with respect to the polarizability by using the Hylleraas functional, Eq. ͑2.12͒, at selected frequencies j ( jϭ0,1, . . . ). The size of the basis sets optimized in these steps was labeled K
(1) ( j ) with explicit dependence on the frequency in order to emphasize that the optimization was performed not only for the static polarizability but also at some frequencies from the range 0Ͻ j ϽE 1 ϪE 0 ͑in this range the Hylleraas variational principle is valid ͓31͔͒. The second group of the steps generates the K l -term expansions with nonlinear variational parameters optimum with respect to the energy of the lth root of the Hamiltonian diagonalized with the function of appropriate symmetry: ϭ1 for P states or ϭ2 for states of D symmetry. The final basis set of the size K F obtained in the above procedure was not optimized any further. Optimization of this basis would improve the selected goal quantity but deteriorate the rest of the features of the ␣ () function.
The final basis set constructed in this way has the following advantages over the basis generated in a single step. ͑i͒ It yields improved polarizabilities and excited-state energies without the time-consuming optimization of large basis sets. ͑ii͒ As the final basis set contains the basis functions of several excited states, it ensures that the subsequent poles of the ␣ () curves are extremely accurate-their positions correspond to the excitation energies of the states obtained from the K F -term expansions, i.e., are only a fraction of milliHartree in error. ͑iii͒ Forcing the correct position of the poles and optimization at Ͼ0 ensures that the high accuracy of ␣ is preserved in a wide range of frequencies.
III. RESULTS AND DISCUSSION

A. Test calculations
The approach described in Sec. II C was tested on helium and lithium atoms, for which exact values of energies and polarizabilities are available from the literature. In Table I , appropriate variational energies and static polarizabilities obtained using the variation-perturbation method from the ECG wave functions are confronted with the other most accurate energies available in the literature and with the polarizability values computed with the practically exact Hylleraas wave functions by using the sum over state procedure ͓5,46 -51͔.
For the present calculations, the unperturbed ground-state wave function of He was taken from the work of Cencek and Kutzelnigg ͓17͔. The 600-term ECG expansion gives the ground-state energy with 12ϫ10 Ϫ12 E H of error. The dipole polarizability first-order expansion was assembled from 660-term ␣ 1 (0)-optimized ECG wave function and 610-term ECG basis optimized with respect to 2 1 P state energy. The size of the final basis set was K 1 F ϭ1270 and ␣ 1 (0)ϭ1.383 192 154 obtained in this procedure differs from the exact value ͓5,6͔ in ninth significant figure. The dipole shielding factor differs from unity by less than 10 Ϫ7 . The 2 1 P state energy computed in the final basis set is only 1 nanoHartree in error. The first pole of the dynamic polarizability curve is located ͑with the same error as the energy͒ at 2 1 P ϭ0.779 881 291.
The dynamic dipole polarizability of He was confronted with the rigorous upper and lower bounds given by Glover and Weinhold ͓35͔ for frequencies up to the second resonance. Though none of the components of ⌿ 1
(1) was optimized at Ͼ0, the ␣ 1 () curve fits perfectly those bounds. Figures 1 and 2 show two curves constructed from Glover and Weinhold's data: ␣ 1 ub ()Ϫ␣ 1 av (), and ␣ 1 lb () Ϫ␣ 1 av (), compared with the ␣ 1 ()Ϫ␣ 1 av (), curve obtained in this work. The ''ub'' and ''lb'' superscripts mean the rigorous upper and, respectively, lower bound curve, and ''av'' is an arithmetic average of them.
For the quadrupole polarizability, ⌿ 2 (1) was built of three 600-term ECG basis sets: one set optimized with respect to ␣ 2 (0) Encouragingly the high accuracy of the test results supports the assertion that the above-described method of construction of ⌿
(1) from the ECG functions has a potential capability of yielding accurate results also for larger systems including beryllium atom.
B. Convergence of the static properties of beryllium
In principle, the Hylleraas functional yields polarizabilities that are lower bounds to the exact values. However, the computed polarizabilities would represent rigorous lower bounds only if an exact ⌿ (0) was used in solving the variation-perturbation equations. It is known that the Hylleraas functional ͑2.12͒ is very sensitive to the quality of the unperturbed wave function. The leading errors in ␣ are of the second order in the error of ⌿ Ϯ
(1) , but only of the first order in the error of ⌿ (0) ͓35,56͔. Therefore, particular effort was put on the construction of the wave function describing the unperturbed atom.
The unperturbed beryllium atom wave functions were generated variationally for many expansion lengths, K (0) ϭ50, . . . ,1600. The wave functions with K (0) р1200 were exactly those of Ref. ͓26͔. The only new wave function with K (0) ϭ1600 yields the nonrelativistic energy of Ϫ14.667 355 536 E H , which is the lowest variational energy of the ground-state beryllium to date. The estimated error of the energy is less than 1 cm Ϫ1 . Weinhold presented the formula ͓57͔ for the rigorous lower bound to polarizability even when both wave functions are only approximate. This formula becomes equivalent to the Hylleraas result in the limit S→1, where
measure of quality of ⌿ (0) , can be estimated using the Eckart's ͓58͔ or the Weinberger's ͓59͔ inequality. For the 1600-term ECG wave function, the first one yields S у0.999 991 0, the second-stronger criterion-S у0.999 992 0. Even the Weinberger's bound is known to give too weak an estimation ͓60͔, and the true overlap is still closer to unity. Very high accuracy of the ⌿ (0) applied in the final calculations allows the error originating from the unperturbed wave function to be minimized and in practice the variationality of the functional ͑2.12͒ is preserved with good precision. Table II illustrates the influence of the choice of ⌿ (0) on the static properties evaluated with well-optimized 1200-term first-order wave function. For the smallest expansions the dipole polarizability decreases with the growing basis size. Only beginning with K (0) ϭ100 it converges monotonically to the final value yielding five stable digits. It is seen that ␣ 1 (0) obtained even with the smallest K (0) differs from that obtained with K (0) ϭ1600 by less than 0.25%. The quadrupole polarizability behaves more regularly and grows monotonically in the whole range of K (0) displayed in Table  II , yielding four converged figures. Although, for ␣ 2 (0) the convergence is slightly slower than in the dipole case, already K (0) ϭ150 yields ␣ 2 (0) within 1% of that obtained with K (0) ϭ1600. The value of ␥ 1 (0), which for the neutral Be atom is known a priori to be equal 1, was evaluated using exactly the same zeroth-and first-order wave function as ␣ 1 . Deviations of the computed ␥ 1 (0) from unity can be seen as a rough measure of quality of the pair of wave functions involved in the computations. From Table II , we see that beginning with K (0) ϭ300, ␥ 1 (0) grows monotonically towards 1. Less regular is the behavior of ␥ 2 (0) which oscillates around the final value in order to stabilize four significant figures. A similar analysis of the convergence was performed for ⌿ (1) . Table III contains the polarizabilities and shielding factors computed with a series of the first-order wave functions with successively doubled expansions. In their optimization, as the ⌿ (0) , the 1600-term ECG wave function was employed. The first-order wave functions of increasing expansion size K
(1) were optimized with respect to ␣ (0) independently of each other. The static properties converge with the ⌿ (1) expansion length slower than it was observed for ⌿ (0) . The last doubling of the K (1) changes ␣ 1 (0) by 0.02% and ␣ 2 (0) by 0.06%. In contrast to ⌿ (0) the smallest ⌿ (1) expansions give results far from the final ones.
In the convergence analysis presented above, the zerothand first-order basis sets were of similar sizes. The apparently slower convergence of ␣ with K
(1) than with K
indicates that to saturate the functional space of ⌿ (1) still longer expansions have to be used. We emphasize here that ⌿ (1) were not optimized with respect to ␥ . Both shielding factors were obtained with the ⌿ (1) optimized with respect to ␣ alone and this justifies some irregularities in the ␥ convergence. Nevertheless, a relative accuracy better than 0.1% was achieved for both ␥ 1 and ␥ 2 . The 1600-term ECG wave function employed to approximate ⌿ (0) , though very accurate, is not strictly exact. Therefore, the polarizability results presented here are not rigorously variational. The possible errors, however, manifest themselves only at further significant figures, which was illustrated by the test results presented in Sec. III A and the above convergence analysis.
C. Construction of the final first-order wave functions of beryllium
In all the individual ␣ optimizations and in the final calculations reported in this section, the best available 1600-term wave function was employed as ⌿ (0) and the corresponding unperturbed-state energy E (0) ϭ Ϫ14.667 355 536E H was assumed.
The final first-order wave function of P symmetry with K 1 F ϭ4800 was constructed according to the prescription given in Sec. II C. It was assembled from two polarizabilityoptimized and three energy-optimized basis sets of the following sizes: K 1
(1) (0)ϭ1200͓␣ 1 (0)ϭ37.7536͔, K 1 (1) (0.19)ϭ1200͓␣ 1 (0.19)ϭ912.976͔, K 1 2 1 P ϭ1200, K 1 3 1 P ϭ600, K 1 4 1 P ϭ600. The partial and the final results of the P-state energy spectrum are compared directly in Table IV. In the square brackets, the polarizabilities obtained in the particular optimizations are quoted for comparison with pertinent final values listed in Table VI . This comparison gives an idea on the gain obtained when moving from the E l -optimized wave function to the final wave function. For example, the energy of the 2 2 P state decreased by 2.3ϫ10
Ϫ6 E H when computed with the final wave function compared to the original 1200-term energy-optimized wave function ͓27͔. This improvement is much larger for the higher, less carefully optimized states ͑see Table IV͒. The basis set for ⌿ 2 (1) (K 2 F ϭ4400) was assembled from the following partial basis sets: 1200-term ␣ 2 (0)-optimized ͓␣ 2 (0)ϭ300.932͔, 600-term ␣ 2 (0.25)-optimized ͓␣ 2 (0.25) ϭ2857.01͔, 1200-term E 3 1 D -optimized, 600-term E 4 1 Doptimized, and 800-term E 5 1 D -optimized. The excited-state energies resulting from these and the final basis sets are listed in Table IV. In the case of the dynamic polarizability, the gain from the methodology applied here is well illustrated by the following example. The dipole polarizability at ϭ0.19 obtained from For a fixed ,⌿ ϩ (1) and ⌿ Ϫ (1) are expanded in the same basis but, because they are solutions to two different equations, Eqs. ͑2.11͒, they differ in the linear expansion coefficients. The ␣ ϩ () functions vary slowly with and exhibit no poles. The ␣ Ϫ components are responsible for large variations in the polarizability value and for the presence of the poles. The nonstatic optimization was performed with respect to the latter component at a frequency slightly smaller than the first resonance energy. This ensures correct values of the dynamic polarizability curve at frequencies far from zero.
As a by-product of this work, upper bounds to the energies of several excited P and D states of beryllium were obtained. These are the lowest variational energies known to date. Table IV collects the energies of three lowest states of both symmetries calculated with the final basis sets. For the sake of comparison, the energies obtained in the particular state optimization are also given. They illustrate the energy gain resulting from the methodology employed here. The accuracy of these energies can be estimated by a comparison of the excitation energies presented also in this table with the experimental lines available from NIST Atomic Spectra Database ͓61͔. Note, however, that the theoretical values do not include relativistic or mass polarization effects.
D. Comparison of the static properties with literature data
A multitude of calculations of the static dipole polarizability of Be have been reported. Many of them were performed using methods incorporating electron correlation. An extensive listing of such results could be created from tables in Refs. ͓36,62-64͔. Most of the numerical values fits in the ͑36;39͒ interval. On the basis of the present ECG lower bound equal to 37.755e 2 a 0 2 E H Ϫ1 , a large part of them could be ruled out. Table V contains only selected results, obtained by correlated methods, which do not differ much from the present prediction, even when they are not above the ECG lower bound.
Some papers deserve separate comments. Sims and Rumble ͓36͔ applied the Weinhold's rigorous lower-bound procedure to beryllium atom. According to the present standards, however, their wave functions were of low quality ͑their ⌿ (0) and ⌿ 1 (1) gave E 2 1 S and E 2 1 P energies with er- was too low to be of discriminating quality. Sims and Rumble obtained also ␣ 1 (0) from the variation-perturbation calculation. But the error bars assigned to their result 36.6Ϯ0.8 were too narrow to reach the ECG lower bound.
To date the most accurate prediction of the static polarizability ␣ 1 (0)ϭ37.73Ϯ0.05 comes from the calculations by Tunega et al. ͓65͔ who used the finite-field technique in combination with the explicitly correlated version of the coupledcluster method ͑CC-R12͒ and a high-quality basis set. The uncertainty, although narrow, is wide enough to overlap with the region allowed by the ECG lower bound.
The correlated calculations of the quadrupole static polarizability are less common in literature. Table V shows that the predicted ␣ 2 (0) cover a wide range of numerical values, 285.5р␣ 2 (0)р313.4. The ECG value more or less halves this interval so that some of these results ͓62,66,67͔ fall below the ECG lower bound ␣ 2 (0)ϭ300.96.
There are no accurate calculations of shielding factors in literature. The present calculations yield ␥ 1 (0)ϭ0.9984 with an error of about 16ϫ10
Ϫ4 . This relatively large error is justified by the fact that the wave functions employed in evaluation of ␥ 1 have not been optimized with respect to this quantity and that the electric field operator emphasizes the space near the nucleus whereas the dipole moment operator used in the optimization of ⌿ 1
(1) -the space remote from the nucleus.
The static quadrupole shielding factor has been recently obtained from the quadrupole moment data of helium dimer at very short internuclear distances ͓29͔. The present ␥ 2 (0) ϭ1.4769 confirms the estimated ␥ 2 (0)ϭ1.5 (1) 
E. Final dynamic polarizabilities and shielding factors
The recommended dynamic polarizability and shielding factor curves at frequencies up to the third resonances ( р0.31) are collected in Table VI and illustrated in Figs. 3 and 4. The dipole shielding factor curve mimics the shape of ␣ () and there is no need to draw ␥ 1 () separately. A rough similarity of ␣ 1 () and ␥ 1 () curves can be understood in view of the following relation ͓81,82͔:
The position of the first pole of ␣ 1 () ( 2 1 P ϭ0.193 916), corresponding to 2 1 P←2 1 S transition, is merely about 0.02ϫ10
Ϫ3 E H in error ͓27͔. This fact in connection with the dynamic-polarizability-optimized component of ⌿ 1
(1) make the first branch of the ␣ 1 () curve very accurate-it is presumed that at least four significant figures remain correct in the whole interval excluding the nearest neighborhood of the pole. The location of the two remaining poles is less precise, but still their errors are much bellow 1ϫ10
Ϫ3 E H . An estimation of their accuracy can be based on the comparison with the experimental lines collected in Table IV . The first pole of ␣ 2 (), corresponding to 3 1 D←2 1 S resonance, appears at 3 1 D ϭ0.259 16. The second, at 4 1 D ϭ0.293 75, results from 4 1 D←2 1 S transition. The overall shape of the ␣ 2 () curve is similar to ␣ 1 (), i.e., in the intervals between poles it is a monotonically growing function of frequency ͑Fig. 4͒. The second and higher branches of ␣ () go from Ϫϱ to ϩϱ. They must, therefore, at some frequencies cross the ␣ ϭ0 line. Of some interest might be the location of the lowest frequency at which ␣ vanish ( 0 ). Unfortunately, for both polarizabilities 0 lies very close to the second resonance pole, so their values are uncertain. For the dipole polarizability 0 Ӎ0.2737, whereas the second pole lies at 3 1 P ϭ0.274 25. In the quadrupole case, 0 Ӎ0.2912 and the second pole appears at 4 1 D ϭ0.293 75. Contrary to the dipole case, the quadrupole shielding factor curve differs in shape from that of polarizability. This difference is particularly well visible in the second and third branches ͑see Fig. 4͒, Ϫ3 E H and 11ϫ10 Ϫ3 E H for the first and the second resonance, respectively. Up to the first resonance, their ␣ 1 () curve goes below the ECG lower bound with a discrepancy increasing with frequency. In the second interval of frequencies, the TDGI polarizability lies significantly higher than the present one and those calculated by Koch and Harrison ͑see Fig. 4͒ . There is no rigorous proof that the Hylleraas functional gives the lower bound to the exact polarizability also at frequencies above the first resonance, however, the convergence of both dipole and quadrupole polarizabilities with increasing quality of the wave functions suggests that this is the case. Anyhow, the discrepancy between Bégué et al. and ECG results is so large that their calculations cannot be recognized as more accurate but rather contaminated by some systematic error. No such discrepancy is observed for ␣ 2 ().
The dynamic shielding factors data are very scarce in literature. For beryllium the only ␥ 1 () curve was calculated at the coupled Hartree-Fock level in 1969 by Kaveeshwar et al. ͓81͔ . This curve, though starts with the correct static value, grows too fast and has the first pole at ϭ0.175 ͑compared with the correct value 0.1939).
F. Dispersion properties of Be
For small frequencies the dynamic polarizabilities can be represented by a power series in 2 , the so-called Cauchy expansion,
with the coefficients S identified as the dipole or quadrupole oscillator sum rules. A polynomial fit to the data in Table VI in the range 0.0рр0.10 revealed the following values of the first few Cauchy moments ͑with the statistical uncertainty in the last digit͒: S 1 (Ϫ2)ϭ37.755(37.6), S 1 (Ϫ4)ϭ983.3(945.9), S 1 (Ϫ6)ϭ2.26ϫ10 4 (1.61ϫ10 4 ), S 1 (Ϫ8)ϭ1.21ϫ10 6 (1.54ϫ10 6 ). For the sake of comparison, values of S 1 obtained by Bégué et al. ͓62͔ are shown in parentheses. Similarly, ␣ 2 () expanded according to Eq. ͑3.2͒ yields the following quadrupole oscillator sums: S 2 (Ϫ2)ϭ300.96, S 2 (Ϫ4)ϭ3603.8, S 2 (Ϫ6)ϭ4.66ϫ10 4 , S 2 (Ϫ8)ϭ9.03ϫ10
6 . The knowledge of the frequency dependence of the dipole polarizability enables an evaluation of other dispersion properties of hypothetical atomic vapors, like the refractive index or the Verdet constant ͓10͔. The index of refraction, n(), is linked with ␣ 1 by the Lorentz-Lorenz equation 
͑3.6͒
Jo "rgensen et al. ͓85͔ computed V() for Be using the first ͑TDHF͒ and second ͑SOPPA͒ order polarization propagator methods. At small frequencies, the present V() lies between the TDHF and SOPPA curves.
The numerical values considered above are valid at standard temperature and pressure at which beryllium is a solid metal. The temperature dependence of n() and V() is not considered here and it will be therefore difficult to verify experimentally the above results, but they may be of interest as a reference in theoretical study.
IV. SUMMARY
The main advantage of the applied method is its variationality. The lower-bound polarizabilities obtained with the ECG wave functions allow the quality of the results obtained with other methods to be assessed. A comparison of the literature dipole and quadrupole polarizabilities with the lower bounds presented in this paper reveals that the majority of the literature data are underestimated.
The high quality of the unperturbed wave function in connection with the method of the construction of the first-order wave function ensures high accuracy of the polarizabilities and shielding factors in a wide range of frequencies and prediction of the correct positions of the poles. The results of these large-scale calculations can be recommended as benchmarks.
As a by-product of the procedure of construction of ⌿ (1) , new upper-bound energies of several lowest-excited states of Be and 3 2 P state of Li were obtained. Also, ␥ 2 (0) values of He and Li are the most accurate to date.
